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An Efficient Implementation of Parallel Eigenvalue
Computation for Massively Parallel Processing

TAKAHIRO KATAGIRI it and YASUMASA KANADA it

In this paper, we describe an efficient parallel algorithm which can compute all eigenvalues
for dense symmetric matrices. We construct this algorithm to establish high efficiency when
the dimension of matrices is small or we were in a massively parallel processing environments.
We evaluated the algorithm by using 1024 processors of the HITACHI SR2201, which is a
distributed memory parallel computer. From the results of the evaluation, we could find that
our routine based on our algorithm was 2-5 times as fast as the ScaLAPACK routine which
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is widely used as a parallel library when the dimension of matrices is small.
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Table 1 Mathematical notation and its explanation.
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(¢ Pryide,myidy OWns row set IT and

c column set I' of n x n matrix A.

(1) do k=1,n—2

(2) if (k €T) then

(3) Broa,dcast(A(rﬁ)k) to PEs sharing rows IL
(1) else

(5) receive(Agc,L)

(6)  endif

(7)  Computation of (um,a).

(8)  if (I have diagonal elements of A) then
(9) Broadcast(umn) to PEs sharing columns T
(10) else

(11 receive(ur)

(12) endif

(13) do j=k,n

(14 iif(jel"):cnzxn+aA(rf3vj%dif
(15) enddo

(16) Global summation of zr1 to PEs sharing rows IL

)
)
)
)
)
)
)
(17) if (I have diagonal elements of A) then
(18)  Broadcast(zm) to PEs sharing columns T'.
(19) else
(20)  receive(zr)
(21) endif
(22) do j=k, n
(23)  p=oaufrn enddo
(24) Global summation of u to PEs sharing rows II.
(25) do j=k, n
(26)  do i=k, n
(27) if (€Il .and. j€T) then
(28) AR =AY — 0 F - w]) = xi v
(29) endif enddo enddo
c Remove k from active columns and rows.

(30) if(kel) I'=T— {k} endif
(31) if(keIl)II =1II — {k} endif
(32) enddo

01 000oo0o0oooooOoooooodg
((Cyclic, Cyclic) DO0OOODO)
Fig. 1 Parallel algorithm for the tridiagonalization.
(The (Cyclic, Cyclic) grid-wise distribution)
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Table 2 Communication complexities of reduction opera-
tion for the tridiagonalization in the k-th itera-

tion.
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Table 3 Communication complexities of matrix-vector

product for the tridiagonalization.
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Table 4 Calculation time of 8000 eigenvalues in seconds

(nbi = 200, the maximal relative error with re-
spect to the analytical values is 0.2493 X 10_7).
The notations 0O 1)-3) in the table show the
processes in Section 3.1.

(a) 4-32 PEO OO

PEs 4 8 16 32
(Grid) (2x2) (2x4) (4x4) (4x8)
oo 1) 1962 989.5 490.3 254.9

(00 %) | (95.1%)  (94.6%) (94.0%)  (93.8%)
oo 2) 0.002 0.004 0.005 0.006
oo 3) 98.57 55.61 30.86 16.79
(00 %) | (47%)  (5.3%)  (5.9%)  (6.1%)
oooa 2061 1045 521.2 271.7
oooa 1.00 1.97 3.95 7.58

(b) 64-1024 PE 00D

PEs 64 128 256 1024
(Grid) (8x8)  (8x16)  (16x16)  (32x32)
0o 1) 119.0 70.42 47.90 63.16

(00 %) | (92.1%)  (92.7%)  (93.9%)  (98.6%)
oo 2) 0.011 0.013 0.025 0.082
oo 3) 10.15 5.469 3.060 0.783
(OO %) | (1.8%) (71.2%)  (6.0%)  (1.2%)
oooad 129.2 75.90 50.99 64.02
oooad 15.9 27.1 40.4 32.1

— 178681
100000 — P04 (58%)
% .- 51857
% = P256 (67%)
o 14106
= 10000 P64 (73%)
c
P 3598
% P16 (74%)
£ 1000 907
s (75%)
)
o
100
0 10000 20000 30000 40000 50000

Problem Size

02 0JO00OD0OO0ooOooOooo
OMFlops, 000000000 DOO0OO0DOOODOOODODO
Fig. 2 Performance in parallel tridiagonalization routine.
(MFlops. The percentages in parentheses are frac-
tions of the theoretical peak performance.)
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Table 5 Execution time of the ScaLAPACK for varying

the blocking length of BL in seconds. (SR2201,
n = 8000, 256 PEs (PE grid:16x16))

BL 1 2 5 10
SLP TRD 517.37 296.53 201.97 174.02
Speedup 1.00 1.74 2.56 2.97
BL 15 20 25 30
SLP TRD | 171.50 156.86 157.28 155.70
Speedup 3.01 3.29 3.28 3.32
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Table 6 Performance for tridiagonalization I. (SR2201)
Unit is second.
(a) PE=4000

Size SLP TRD Our TRD SLP
(GridO BL) (Grid) / Ours
100 0.02 (1x4, 100) 0.056 (2x2) 0.35
200 0.48 (1x4, 100) 0.133 (2x2) 3.6
400 1.73 (1x4, 40) 0.475 (2x2) 3.6
800 6.01 (1x4, 40) 2.454 (2x2) 2.4
1000 9.32 (2x2, 40) 3.785 (2x2) 2.4
2000 41.90 (2x2, 40) 26.937 (2x2) 1.5
4000 231.10 (2x2, 40) 242.010 (2x2) 0.95
8000 1422.69 (2x2, 100) 1962.512 (2x2) 0.72

(b) PE=8000

Size SLP TRD Our TRD SLP
(GridO BL) (Grid) / Ours
100 | 0.02 (1x8, 100) 0.125 (2x4) 0.16
200 0.53 (1x8, 100) 0.164 (2x4) 3.2
400 1.77 (1x8, 40) 0.424 (2x4) 4.1
800 5.49 (2x4, 40) 1.659 (2x4) 3.3
1000 | 7.81 (2x4, 40) 2.476 (2x4) 3.1
2000 | 29.63 (2x4, 40) 14.838 (2x4) 1.9
4000 | 142.27 (2x4, 40)  124.205 (2x4) 1.1
8000 | 815.12 (4x2, 100) 989.504 (2x4) 0.82

(¢) PE=16000

Size SLP TRD Our TRD SLP
(GridD BL) (Grid) / Ours
100 0.03 (1x16, 100) 0.082 (4x4) 0.36

200 | 0.82 (8x2, 100) 0.195 (4x4) 4.2
400 | 1.92 (1x16, 40) 0.419 (4x4) 4.5
800 5.48 (4x4, 40) 1.733 (4x4) 3.1
1000 | 7.53 (2x8, 40) 1.824 (4x4) 4.1
2000 | 23.00 (4x4, 40) 8.649 (4x4) 2.6
4000 | 92.21 (4x4, 60)  56.239 (4x4) 1.6
8000 | 474.49 (4x4, 60)  490.346 (4x4)  0.96
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07 00000000 TI0 (SR2201) 0000, as[ "=2000
Table 7 Performance for tridiagonalization II. (SR2201) 40[i
Unit is second. 35 ‘,‘
(a) PE=64000 §30L .
Size SLP TRD Our TRD SLP S b
(GridO BL) (Grid) / Ours & 25 | e e SLPTRD
100 | 0.21 (4x16, 100) 0.153 (8x38) 1.3 ‘o 20 \
200 | 0.98 (1x64,100)  0.278 (8x8) 3.5 Es \
400 | 2.82 (4x16,100)  0.638 (8x8) 4.4 10 OurTRD
800 6.60 (8x8, 40) 1.402 (8x8) 4.7 . ‘ ‘
1000 | 8.79 (8x8, 40) 1.612 (8x8) 5.4
2000 | 20.73 (88, 40) 5.105 (8x8) 4.0 04 50 100 150 200 250 300
4000 | 57.6 (8x8, 40) 19.631 (8x8) 2.9 Number of PEs
8000 | 210.49 (8x8, 60)  119.065 (8x8) 1.7 (a) n = 2000000
(b) PE=128 000
Size SLP TRD Our TRD SLP 10000 n = 8000
(GridO BL) (Grid) / Ours
200 1.93 (8x16, 100) 0.462 (8x16) 4.1 - S
400 3.78 (8x16, 60) 0.860 (8x16) 4.3 2 1000
800 7.68 (8x16, 80) 1.650 (8x16) 4.6 g
1000 9.74 (8x16, 100) 2.109 (8x16) 4.6 = SLP TRD
2000 22.17 (8x16, 40) 5.122 (8x16) 4.3 g THemmeX
4000 | 54.13 (8x16, 40)  15.420 (8x16) 3.5 = 100 ~~—
8000 | 162.01 (8x16, 40)  70.422 (8x16) 2.3
10000 | 245.60 (8x16, 40)  123.891 (8x16) 1.9 Our TRD
0, 10 100 1024
(c) PE=256 000
Size SLP TRD Our TRD SLP Number of PEs
(GridO BL) (Grid) / Ours (b) n=80000 001
400 5.69 (16x16, 60) 1.373 (16x16) 4.1 038 000000000 SLP TRD O Our TRD 00000
800 10.17 (1616, 80) 2.480 (16x16) 4.1 (SR2201)
1000 12.89 (16x16, 100) 3.217 (16x16) 4.0 Fig. 3 Execution times between SLP TRD and Our TRD
2000 30.12 (16x16, 40) 5.964 (16x16) 5.0 for the tridiagonalizaion. (SR2201)
4000 67.29 (16x16, 40) 14.338 (16x16) 4.6
8000 | 161.76 (16x16, 100)  47.906 (16x16) 3.3
10000 | 226.11 (16x16,40) 79.889 (16x16) 2.8 70 -
20000 | 774.10 (16x16, 60)  454.267 (16x16) 1.7 ideal
60 "
@ B [
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Fig. 4 Speedup ratios between SLP TRD and Our TRD
for the tridiagonalization. (n = 8000, SR2201)
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