P erformance Ev aluation of P arallel Gram-Sc hmidt Re-Orthogonalization Metho ds T ak ahiro Katagiri 1 PRESTO, Japan Science and T ec hnology Corp oration(JST) JST Katagiri Lab oratory , Computer Cen tre Division, Information T ec hnology Cen ter, The Univ ersit y of T oky o 2-11-16 Y a y oi, Bunky o-ku, T oky o 113-8658, JAP AN Phone: +81-3-5841-2736, F AX: +81-3-3814-7231 katagiri@pi.cc.u-tokyo.ac.jp Abstract. In this pap er, the p erformance of the �v e kinds of parallel re-orthogonalization metho ds b y using the Gram-Sc hmidt (G-S) metho d is rep orted. P arallelizm of the re-orthogonalization pro cess dep ends on the implemen tation of G-S orthogonalization pro cess, i.e. Classical G-S (CG-S) and Mo di�ed G-S (MG-S). T o relax the parallelizm problem, w e prop ose a new h ybrid metho d b y using b oth of the CG-S and MG- S. The HIT A CHI SR8000 of 128 PEs, whic h is a distributed memory sup er-computer, is used in this p erformance ev aluation. 1 In tro duction The orthogonalization pro cess is one of the most imp ortan t pro cesses to p erform sev eral linear algebra computations, suc h as eigendecomp osition and QR decom- p osition [3, 10, 11]. Man y researc hers ha v e b een atten tion for QR decomp osition [2, 5, 6, 12, 13] not withstanding, w e fo cus on the re-orthogonalization pro cess in this pap er. This is b ecause, a lot of iterativ e metho ds for solving linear equations and eigen v ector computations needs the re-orthogonalization pro cess to k eep the accuracy of solution. F or instance, the GMRES metho d, whic h is one of the lat- est iterativ e algorithms, requires the re-orthogonalization to obtain base-v ectors according to the n um b er of its re-start frequency [4]. The approac h of parallel re-orthogonalization is the main di�erence with resp ect to con v en tional parallel approac hes based on QR decomp osition [6, 12, 13]. Recen tly , there are a n um b er of parallel mac hines, b ecause parallel pro cessing tec hnologies ha v e b een established. In this reason, man y researc hers try to par- allelize the orthogonalization pro cess. It is kno wn that, ho w ev er, the parallelism of the pro cess dep ends on the n um b er of orthogonalized v ectors w e needed [7, 8]. The orthogonalized pro cess, therefore, is classi�ed as the follo wing t w o kinds of pro cesses in this pap er: { QR decomp osition The orthogonalization pro cess to obtain the normalized and orthogonalized v ectors q 1 , q 2 , � � � , q n b y using the normalized v ectors a 1 , a 2 , � � � , a n .

{ Re-orthogonalization The orthogonalization pro cess to obtain the normalized and orthogonalized v ector q i b y using the normalized and orthogonalized v ectors q 1 , q 2 , � � � , q i � 1 . This pap er discusses ho w to parallelize the re-orthogonalization pro cess b y using the Gram-Sc hmidt (G-S) orthogonalization metho d. The fo cus is esp ecially the parallelization of Classical G-S (CG-S) metho d, since the CG-S metho d has high parallelism. The CG-S metho d, ho w ev er, has a trade-o� problem b et w een accuracy and execution sp eed. F or example, T.Katagiri rep orted that more 90% execution time is w asted b y using MG-S metho d in a parallel eigensolv er [8]. F rom this bac k ground, main aim of this pap er is a prop osition of new parallel G-S algorithm to relax the trade-o� problem. This pap er is organized as follo ws. Chapter 2 is the explanation of sequen tial G-S algorithms in the viewp oin t of data dep endency . Chapter 3 describ es parallel G-S algorithms based on the sequen tial G-S algorithms. Chapter 4 prop oses the new algorithm. Chapter 5 is the ev aluation of the new algorithm b y using the HIT A CHI’s parallel sup er-computer. Finally , Chapter 6 summarizes the �ndings of this pap er. 2 Sequen tial algorithms of G-S re-orthogonalization metho d It is widely kno wn that there are follo wing t w o metho ds to p erform re-orthogonalization b y using the G-S metho d. They are called as Classical G-S (CG-S) metho d and Mo di�ed G-S (MG-S) metho d. The CG-S metho d is a simply implemen ted metho d in the form ula of the G-S orthogonalization, and the MG-S metho d is a mo di�ed one in order to obtain high accuracy . In this c hapter, w e will explain the di�erence of them in the viewp oin t of data dep endency . 2.1 Classical Gram-Sc hmidt (CG-S) Metho d The CG-S metho d to p erform the re-orthogonalization is sho wn in Figure 1. The notation of ( � ; � ) in Figure 1 means an inner pro duct. h 1 i q i = a i h 2 i do j = 1, i � 1 h 3 i q i = q i � ( q T j ; a i ) q j h 4 i enddo h 5 i Normalization of q i . Fig. 1. The CG-S metho d in re-orthogonalization to the v ector q i . Figure 1 sho ws that the most inner k ernel h 3 i has a parallelism. The nature of this can b e explained as the parallelizm of the inner pro duct ( q T j ; a i ), since the inner pro duct can b e p erformed parallelly for j -lo op when w e obtain the initial v ector of a i . 2.2 Mo di�ed Gram-Sc hmidt (MG-S) Metho d The MG-S metho d in re-orthogonalization is sho wn in Figure 2. h 1 i a (0) i = a i h 2 i do j = 1, i � 1 h 3 i a ( j ) i = a ( j � 1) i � ( q T j ; a ( j � 1) i ) q j h 4 i enddo h 5 i Normalization of q i = a ( i � 1) i . Fig. 2. The MG-S metho d in re-orthogonalization to the v ector q i . Figure 2 sho ws that there is no parallelizm to the inner pro duct of h 3 i , since the inner pro duct dep ends on the de�ned v ector a ( j � 1) i for j -lo op. This is the basic di�erence to the CG-S metho d. F rom this reason, man y researc hers b eliev e that the re-orthogonalization b y the MG-S metho d is an unsuitable metho d for parallel pro cessing. 3 P arallelization of G-S orthogonalization metho d In the view p oin t of parallel pro cessing, the re-orthogonalization b y the G-S metho d has di�eren t b eha vior according to the data distribution metho d for the orthogonalized v ectors q 1 ; q 2 ; :::; q i � 1 [8]. W e will explain this in the c hapter. 3.1 A case of column-wise distribution First of all, w e explain a simple distribution metho d, named column-wise distri- bution (CWD). The CWD is a distribution that the whole elemen ts of the nor- malized v ectors a i and the normalized and orthogonalized v ectors q 1 ; q 2 ; :::; q i � 1 are distributed to eac h PE (Pro cessing Elemen t). Next is a discussion that ho w to implemen t parallel algorithms based on the CWD. A case of CG-S metho d Figure 3 sho ws a re-orthogonalization algorithm in CWD. The notation of \Lo cal" in Figure 3 sho ws that follo wing form ula should b e p erformed b y using lo cal data (distributed data) only . According to Figure 3, there is a parallelizm for computing the k ernel of h 9 i .

h 1 i q i = a i h 2 i if (I ha v e a i ) then h 3 i Broadcast ( a i ) h 4 i else h 5 i receiv e ( a i ) h 6 i q i = 0 h 7 i endif h 8 i do j = 1, i � 1 h 9 i Lo cal q i = q i � ( q T j ; a i ) q j enddo h 10 i if (I ha v e a i ) then h 11 i do j = 1, i � 1 h 12 i receiv e ( q j ) from PE that holds q j h 13 i Lo cal q i = q i + q j enddo h 14 i else h 15 i send ( q i ) h 16 i endif h 17 i Normalization of q i . Fig. 3. The CG-S metho d in column-wise distribution. h 1 i a (0) i = a i h 2 i do j = 1, i � 1 h 3 i receiv e ( a ( j � 1) i ) from PE that holds a ( j � 1) i h 4 i Lo cal a ( j ) i = a ( j � 1) i � ( q T j ; a ( j � 1) i ) q j h 5 i send ( a ( j ) i ) to PE that holds a ( j +1) i h 6 i enddo h 7 i Normalization of q i = a ( i � 1) i . Fig. 4. The MG-S metho d in column-wise distribution. A case of MG-S metho d Figure 4 sho ws a re-orthogonalization algorithm in CWD. Please note that there is no parallelizm for computing the k ernel of h 4 i ac- cording to Figure 3, b ecause PE holds a ( j � 1) i and PE holds a ( j ) i are lo cated on di�eren t place in CWD. F rom this reason, the re-orthogonalization b y MG-S metho d in CWD has basically p o or parallelizm. 3.2 A case of ro w-wise distribution Next w e will explain another w ell-kno wn distribution, named ro w-wise distribu- tion (R WD). The R WD is a distribution that the elemen ts of v ectors ( a i , q i ) and orthogonalized v ectors q 1 ; q 2 ; :::; q i � 1 are distributed to di�eren t PEs. Please note that the di�erence b et w een CWD and R WD is that the CWD do es not distribute the elemen ts of v ectors. In R WD, to calculate the inner pro ducts of ( q T j ; a ( j � 1) i ) and ( q T j ; a i ), w e need a scalar reduction op eration in b oth of CG-S and MG-S metho ds for the R WD, since eac h PE do es not ha v e whole elemen ts to calculate the inner pro ducts. A case of CG-S metho d Figure 5 sho ws the parallel re-orthogonalization algorithm of the CG-S metho d. The notation of \Global sum" in Figure 5 is the collectiv e comm unication op eration, whic h sums up distributed data and then distributes the result to all PEs. The collectiv e comm unication can b e implemen ted b y using the MPI_ALLREDUCE function on the MPI (Message P assing In terface). h 1 i q i = a i h 2 i do j = 1, i � 1 h 3 i Lo cal ( q T j ; a i ) enddo h 4 i Global sum of � j = ( q T j ; a i ). ( j = 1 ; � � � ; i � 1) h 5 i do j = 1, i � 1 h 6 i Lo cal q i = q i � � j q j h 7 i enddo h 8 i Normalization of q i . Fig. 5. The CG-S metho d in ro w-wise distribution. F rom Figure 5, w e �nd that the Global sum op eration is not needed in ev ery step b ecause in the k + 1-th step, the CG-S metho d do es not require the inner pro ducted v alue calculated in the k -th step. This fact also can b e found in the explanation of Chapter 2, since there is no dep endency in the direction of the j -lo op. The inner pro ducted v alue is easily calculated b y using the v alue b efore normalization. The v ector length of the Global sum op eration increases from 0 to i � 1 b y stride 1. A case of MG-S metho d Figure 6 sho ws the parallel re-orthogonalization algorithm for the MG-S metho d. F rom Figure 6, w e �nd that a scalar reduction for distributed data around PEs is essen tial in ev ery steps, since the Global sum op eration is lo cated in the most inner lo op. In k + 1-th step, the MG-S metho d needs the inner pro ducted data calculated k -th step, th us w e ha v e to implemen t the Global sum op eration in the most inner lo op. The explanation of Chapter 2 also sho ws the fact, since there is a o w dep endency in the direction of the j -lo op.

h 1 i a (0) i = a i h 2 i do j = 1, i � 1 h 3 i Lo cal ( q T j ; a ( j � 1) i ) h 4 i Global sum of � = ( q T j ; a ( j � 1) i ). h 5 i Lo cal a ( j ) i = a ( j � 1) i � � q j h 6 i enddo h 7 i Normalization of q i = a ( i � 1) i . Fig. 6. The MG-S metho d in ro w-wise distribution. Comparison of the n um b er of comm unications No w w e compare the n um- b er of execution times for the Global sum op eration in the MG-S and CG-S metho ds. Let the n um b er of re-orthogonalization i b e �xed as k . It is clear that the MG-S metho d requires ( k 2 � k ) = 2 times of the Global sum op eration while the CG-S metho d requires k � 1 times. Th us, from view p oin t of execution times, the CG-S metho d is sup erior to the MG-S metho d. The CG-S metho d, ho w ev er, has lo w er accuracy than the accuracy of the MG-S metho d. Therefore, w e can not determine the b est parallel metho d in the R WD. F rom the viewp oin t of these v ariations, the R WD will b e a go o d c hoice. The discussion on the R WD, ho w ev er, is omitted in this pap er. The reason is that the distributing the elemen ts of v ectors mak es the implemen tation di�cult in man y iterativ e algorithms and p o or utilit y for man y users. 4 Prop osal of the Hybrid Gram-Sc hmidt (HG-S) metho d In this c hapter, w e prop ose a new parallel re-orthogonalization metho d, named Hybrid Gram-Sc hmidt (HG-S) metho d. 4.1 Basic idea W e ha v e explained that there is a trade-o� problem b et w een accuracy and paral- lel execution sp eed in G-S metho d. The follo wing is a summary of the problem. { CG-S Metho d Accuracy: Lo w, P arallelism: Y es { MG-S Metho d Accuracy: High, P arallelism: None T o relax the problem, using b oth of CG-S and MG-S metho ds for re-orthogonalization is one of reasonable w a ys. W e call this \Hybrid"-ed G-S metho d as HG-S metho d in this pap er. 4.2 The HG-S re-orthogonalization metho d Figure 7 sho ws a sk etc h of the algorithm for the HG-S metho d. Please note that the co de of Figure 7 sho ws the nature of re-orthogonalization pro cess, since man y iterativ e algorithms, for example the in v erse iteration metho d for eigen v ector computation, needs the re-orthogonalization lik e Figure 7.

do i = 1,..., max num v ector s .... do iter = 1,..., max iter .... Re-orthogonalization ( q i ) b y using the CG-S Metho d. .... if ( q i is con v erged) break the iter -lo op. enddo Re-orthogonalization ( q i ) b y using the MG-S Metho d. .... enddo Fig. 7. The HG-S metho d in re-orthogonalization. 5 Exp erimen tal Results The HG-S metho d b y using a distributed memory parallel mac hine is ev aluated in this c hapter. T o ev aluate the HG-S metho d, w e implemen ted the HG-S metho d to In v erse Iteration Metho d (I IM) for computation of eigen v ectors. 5.1 Exp erimen tal en vironmen t The HIT A CHI SR8000/MPP is used in this exp erimen t. The HIT A CHI SR8000 system is a distributed memory , message-passing parallel mac hine of the MIMD class. It is comp osed of 144 no des, eac h ha ving 8 Instruction Pro cessors (IPs), 14.4GFLOPS of theoretical p eak p erformance, 16 Gigab ytes of main memory , in- terconnected via a comm unication net w ork with the top ology of a three-dimensional h yp er-crossbar. The p eak in terpro cessor comm unications bandwidth is 1.6 Gb ytes/s in eac h direction. The SR8000 system has t w o t yp es of parallel en vironmen ts. One is in tra- no de parallel pro cessing, and the other is in ter-no de parallel pro cessing. The in tra-no de parallel pro cessing is so-called parallel pro cessing as a sheard memory parallel mac hine, and it nev er p erforms in terpro cessor comm unications. On the other hand, the in ter-no de parallel pro cessing is similar to parallel pro cessing as a distributed memory parallel mac hine, and it m ust p erform in terpro cessor comm unications. The HIT A CHI Optimized F ortran90 V01-04 compiler is used. In this exp erimen t, -opt=ss -p ar al lel=0 is used as a compile option in the in ter- no de parallel pro cessing. As comm unication library , optimized MPI (Message P assing In terface) b y HIT A CHI is used in this exp erimen t. 5.2 Details of implemen ted re-orthogonalization metho ds W e implemen ted parallel re-orthogonalization metho ds in I IM for eigen v ector computation [10]. The details of the I IM algorithm are summarized as follo ws.

{ Ob ject Matrix : T ridiagonal real symmetric matrix T { Metho d : The Ra yleigh quotien t I IM { Max Iterativ e Num b ers : 40 { Requiremen t residual : jj T jj 1 � � (Mac hine Epsilon) W e ha v e dev elop ed an e�cien t parallel eigensolv er b y using a reduced com- m unication metho d [9]. The I IM metho d is also a v ailable for the eigensolv er, therefore, w e measure the execution time for the routine of I IM. The test matrices are c hosen as the follo wing. { Matrix(1) : T ridiagonal matrix reduced from the F rank matrix � Dimension : 10,000 � The length to decide the clustered eigen v alues : 58471.532 � The n um b er of groups for the clustered eigen v alues : 8 � The maxim um n um b er of clustered eigen v alues : 9,993 { Matrix(2) : Glued Wilkinson W + 21 Matrix, � =1.0 � Dimension : 10,000 � The length to decide the clustered eigen v alues : 64.998 � The n um b er of groups for the clustered eigen v alues : 1 � The maxim um n um b er of clustered eigen v alues : 10,000 { Matrix(3) : Glued Wilkinson W + 21 Matrix, � = 10 � 14 � Dimension : 10,000 � The length to decide the clustered eigen v alues : 0.129 � The n um b er of groups for the clustered eigen v alues : 13 � The maxim um n um b er of clustered eigen v alues : 2 Please note that the re-orthogonalization is p erformed to k eep accuracy of eigen v ectors. The n um b er of re-orthogonalized eigen v ectors is same as the n um- b er of clustered eigen v alues. Next, w e summarize the implemen ted parallel re-orthogonalization metho ds as follo ws. { CG-S (1) : Lo cal Orthogonalization MG-S { CG-S (2) : Lo cal Orthogonalization CG-S { MG-S { HG-S { IR CG-S : Iterativ e Re�nemen t CG-S Metho d [1, 10] { NoOrt : Not Re-orthogonalized There are t w o kinds of metho ds in the parallel re-orthogonalization of CG-S metho d. The CG-S(1) is a metho d that CG-S is p erformed in ter PEs and MG-S is p erformed to in tra PE data. The CG-S(2) is a metho d that CG-S is p erformed in ter PEs, and CG-S is also p erformed to in tra PE data. The IR CG-S metho d sho wn the ab o v e is called Iterativ e Re�nemen t CG-S Metho d, and this metho d p erforms CG-S metho d m ulti-times. In this exp eri- men t, the n um b er of CG-S metho d is �xed as 2 times.

5.3 The results of exp erimen t T able 1 sho ws the execution time for the �v e parallel re-orthogonalization meth- o ds in I IM. F rom the restriction of sup er-computer en vironmen t, o v er b 64 = d p= 8 ec hours jobs are automatically killed, where p is the n um b er of PEs. T able 2 sho ws the orthogonalization accuracy of the calculated eigen v ectors b y I IM, whic h are measured b y the F rob enius norm. The F rob enius norm of n � n matrix A = ( a ij ), i; j = 1 ; :::; n is de�ned as: jj A jj F � n X i =1 q a 2 ij : (1) T able 1. The execution time of eac h metho d in the I IM. The unit is in seconds. (a) T est Matrix(1): Reduced F rank Matrix #PEs(IPs) CG-S(1) CG-S(2) MG-S HG-S IR CG-S NoOrt 8 6604 6527 38854 6604 12883 23.857 16 3646 3526 24398 3574 6987 12.065 32 2061 2059 28050 2082 3906 7.044 64 1633 1559 27960 1614 3059 3.025 128 2091 2204 > 14400 2027 3978 1.808 (b) T est Matrix(2): Glued Wilkinson Matrix � =1.0 #PEs(IPs) CG-S(1) CG-S(2) MG-S HG-S IR CG-S NoOrt 8 7779 7898 77851 10825 14673 30.88 16 4358 4264 61242 4348 7595 15.31 32 2533 2347 32131 2480 4429 8.99 64 2152 2110 > 28800 2189 3241 4.44 128 2696 2390 > 14400 2450 4699 2.45 (c) T est Matrix(3): Glued Wilkinson Matrix � = 10 � 14 #PEs(IPs) CG-S(1) CG-S(2) MG-S HG-S IR CG-S NoOrt 8 0.558 0.561 0.510 0.593 2.494 0.59 16 0.554 0.696 1.922 1.697 0.619 0.33 32 0.364 0.828 0.970 0.293 0.858 0.20 64 0.530 0.451 0.521 0.431 0.378 0.38 128 0.277 0.221 0.315 0.269 0.259 0.07 5.4 Discussion T est matrix (1) T able 1 (a) sho ws there w as p o or parallelizm for MG-S. The reason is explained as no parallelizm in MG-S pro cess in CWD. On the

T able 2. The eigen v ector accuracy of eac h metho d in the I IM. The norm of F rob enius is used. (a) T est Matrix(1): Reduced F rank matrix (MG-S:Residual of max i jj Ax i � �x i jj 2 = 0.1616E-006) #PEs(IPs) CG-S(1) CG-S(2) MG-S HG-S IR CG-S NoOrt 8 0.6485E-012 0.6505E-012 0.6670E-012 0.6485E-012 0.6455E-012 1.414 16 0.6621E-012 0.6627E-012 0.6666E-012 0.6620E-012 0.6613E-012 1.414 32 0.6892E-012 0.6895E-012 0.6664E-012 0.6893E-012 0.6899E-012 1.414 64 0.9422E-012 0.9413E-012 0.6665E-012 0.9412E-012 0.9419E-012 1.414 128 0.1546E-011 0.1547E-011 Time Out 0.1540E-011 0.1549E-011 1.414 (b) T est Matrix(2): Glued Wilkinson Matrix � =1.0 (MG-S:Residual of max i jj Ax i � �x i jj 2 = 0.4476E-007) #PEs(IPs) CG-S(1) CG-S(2) MG-S HG-S IR CG-S NoOrt 8 0.1261E-011 0.2679E-011 0.1432E-011 0.3087E-008 0.2137E-012 283.7 16 0.1255E-011 0.6093E-011 0.1971E-011 0.1349E-011 0.4658E-012 282.3 32 2.0191 1.4260 0.5255E-012 1.967 1.9455 283.4 64 3.7387 3.5735 Time Out 3.492 3.7619 284.9 128 5.2028 4.7178 Time Out 4.9206 5.0163 284.9 (c) T est Matrix(3): Glued Wilkinson Matrix � = 10 � 14 (MG-S:Residual of max i jj Ax i � �x i jj 2 = 0.1625E-010) #PEs(IPs) CG-S(1) CG-S(2) MG-S HG-S IR CG-S NoOrt 8 0.3966E-007 31.50 0.3966E-007 0.3966E-007 0.3966E-007 31.50 16 0.3966E-007 31.50 0.3966E-007 0.3966E-007 0.3966E-007 31.50 32 0.3967E-007 31.38 0.3966E-007 0.3967E-007 0.3967E-007 31.50 64 0.3966E-007 31.31 0.3966E-007 0.3966E-007 0.3966E-007 31.50 128 0.3967E-007 31.06 0.3966E-007 0.3967E-007 0.3967E-007 31.50 other hand, b y using CG-S Metho d, w e obtained sp eed-up factors increasing the n um b er of PEs. F or HG-S metho d, the HG-S w as faster than CG-S. This is a surprising result in a sence, b ecause HG-S p erforms m ulti-times CG-S and one-time MG-S. W e think the main reason is that b y using the HG-S metho d, total n um b er of iterations in I IM is reduced b y using b etter accuracy eigen v alues with comparison to eigen v ectors orthogonalized b y CG-S only . In the case of the F rank matrix, w e could not �nd the di�erence of accuracy for eigen v ectors except for not-orthogonalized case. F rom this reason, HG-S is the b est metho d in this case. T est matrix (2) First of all, w e ha v e to men tion that the accuracy of eigen- v ectors w as v ery p o or when w e use o v er 32 PEs except for MG-S metho d. F rom this reason, w e should select the MG-S metho d in this case. As a result, if w e use 16 PEs and 8 PEs, the metho ds of CG-S(1), CG-S(2) and HG-S will b e a considerable metho d in this case. F rom the execution time, w e also had a surprising result for MG-S, b ecause although the MG-S metho d has no parallelizm in this case, there are sp eed-up factors of MG-S. W e think that the result is caused b y reducing data amoun t b y parallel pro cessing, ho w ev er, detail analysis for this result is a future w ork. T est matrix (3) In this case, the execution time of eac h metho d is quite small compared to the cases of the matrix (1) and (2). This reason is explained as the implemen tation of parallel I IM routine. In our I IM routine, if an elemen t of sub- diagonals of the tridiagonal matrix T is quite small v alue suc h as mac hine � , the diagonal matrices separated b y the elemen t are treated as indep enden t matrices of the eigensystem. This separation can reduce computational complexit y and increase parallelizm. In the case of matrix (3), the test matrix is separated b y sev eral small diagonal matrices, eac h has a dimension of 21. F rom this reason, the n um b er of re-orthogonalizations is reduced, as a result of the nature, the execution time is also v ery shorten. F or the results of the accuracy , w e could �nd that the accuracy of CG-S(2) metho d w as p o or in this matrix with comparison to the case of CG-S(1) metho d. F rom this result, therefore, w e can sa y that data whic h holds in tra PE should b e re-orthogonalized b y using MG-S metho d, ev en CG-S metho d is used for in ter PEs. 6 Conclusion In this pap er, w e ha v e prop osed a h ybrid Gram-Sc hmidt re-orthogonalized metho d, and ev aluated the �v e kinds of parallel re-orthogonalization metho ds including the new h ybrid metho d b y using I IM for eigen v ector computation. F rom the exp erimen tal result, the new h ybrid metho d also has an accuracy problem for computed eigen v ectors, but it has a b ene�t for parallel execution time compared to CG-S metho d. The main reason of this is using higher accu- racy eigen v ectors than that of CG-S orthogonalized, ho w ev er, detail analysis is needed. The analysis and additional exp erimen ts for the test matrices are imp ortan t future w ork. Ac kno wledgmen ts I w ould lik e to express m y sincere thanks to p eople at Computer Cen tre Division, Information T ec hnology Cen ter, The Univ ersit y of T oky o, for supp orting m y sup er-computer en vironmen ts. I also lik e to express m y sincere thanks to all mem b ers at Kanada Lab oratory , Information T ec hnology Cen ter, for giving me useful discussions for the study . This study is supp orted b y PRESTO, Japan Science and T ec hnology Corp o- ration (JST). References 1. S. Bala y , W. Gropp, L. C. McInnes, and B. Smith. P etsc 2.0 users man ual, 1995. ANL-95/11 - Revision 2.0.24, h ttp://www-fp.mcs.anl.go v/p etsc/. 2. C. Bisc hof and C. v an Loan. The wy represen tation for pro ducts of householder matrices. SIAM J. Sci. Stat. Comput. , 8(1):s2{s13, 1987. 3. J. W. Demmel. Applie d Numeric al Line ar A lgebr a . SIAM, 1997. 4. J. J. Dongarra, I. S. Du�, D. C. Sorensen, and H. A. v an der V orst. Numeric al Line ar A lgebr a for High-Performanc e Computers . SIAM, 1998. 5. J. J. Dongarra and R. A. v an de Geijn. Reduction to condensed form for the eigen- v alue problem on distributed memory arc hitectures. Par al lel Computing , 18:973{ 982, 1992. 6. B. A. Hendric kson and D. E. W om ble. The tours-wrap mapping for dense matrix calculation on massiv ely parallel computers. SIAM Sci. Comput. , 15(5):1201{1226, 1994. 7. T. Katagiri. A study on parallel implemen tation of large scale eigenproblem solv er for distributed memory arc hitecture parallel mac hines. Master’s De gr e e Thesis, the Dep artment of Information Scienc e, the University of T okyo , 1998. 8. T. Katagiri. A study on large scale eigensolv ers for distributed memory parallel mac hines. Ph.D Thesis, the Dep artment of Information Scienc e, the University of T okyo , 2000. 9. T. Katagiri and Y. Kanada. An e�cien t implemen tation of parallel eigen v alue computation for massiv ely parallel pro cessing. Par al lel Computing , 27:1831{1845, 2001. 10. B. N. P arlett. The Symmetric Eigenvalue Pr oblem . SIAM, 1997. 11. G. W. Stew art. Matrix A lgorithms V olume II:Eigensystems . SIAM, 2001. 12. D. V anderstraeten. A parallel blo c k gram-sc hmidt algorithm with con trolled loss of orthogonalit y . Pr o c e e dings of the Ninth SIAM Confer enc e on Par al lel Pr o c essing for Scienti�c Computing , 1999. 13. Y. Y amamoto, M. Igai, and K. Naono. A new algorithm for accurate computa- tion of eigen v ectors on shared-memory parallel pro cessors. Pr o c e e dings of Joint Symp osium on Par al lel Pr o c essing (JSPP)’2000 , pages 19{26, 2000. in Japanese.